In this work we address the problem of controlling a complex network toward a synchronous evolution by using pinning control strategy. Considering this control approach, we investigate the effect of the number of pinned nodes and how the strategy performance behaves in accordance with the type of nodes that are chosen as the ones over which the control is applied. The roles of the control and coupling gains are also discussed.
INTRODUCTION
Recent works have shown that the scenario of collective motion can be reproduced in a set of identical (or almost identical) low-dimensional nonlinear oscillators coupled to each other through well defined links [1] [2] [3] . This model can be described by a network with fixed topology in which the nodes are the oscillators, and the coupling links are the edges [1] . As so, according to the way the individuals are coupled to each other, the resulting network is classified as hierarchical, random, small word, scale free network [2] . In this model, an ordered collective behavior is represented by the situation in which the oscillators are synchronized [4] . Several works consider this scenario to understand how synchronized states appear or to develop control strategies that can be applied to drive the network dynamics to the synchronized state.
As so, researchers are investigating how it is possible to change network collective behavior based on the action imposed over the dynamics of its individual elements (oscillators) [5] . In a limit situation, the collective dynamics can be properly changed if the control action is applied to all elements of the network. However, a more efficient and realistic approach would be taking advantage of the robustness presented in the synchronization behavior to act just on some judiciously chosen elements of the network. Based on that, the elements in which the control strategy is not applied could end up changing their dynamics to preserve the synchronization state of the network. The main idea consists in controlling just a fraction of the network nodes by using some local feedback control applied to them. This approach is known as pinning control, firstly discussed in Grigoriev et al. [5] .
The governing equations of the pinned network in matricial form can be written as:
where
n is the state vector of the i th node of the network, f : R n × R + → R n is a smooth nonlinear vector field.
The (N + 1) × (N + 1) extended matrix Λ E is defined as:
where the N × N -dimensional Laplacian-like matrix Λ = [Λ ij ] defined as:
in this work it is assumed σ ij = σ ji = σ is the coupling strength among nodes assumed to be constant and timeinvariant. N i is the set of neighbors of node i, that is, the set of nodes connected to node i; the set of all network connections is given by E. The (N + 1) × (N + 1) Laplacian-like matrix Λ pin is given by:
where parameter N pin is the number of pinned nodes, q i is the control gain associated to node i. Without loss of generality, the first N pin nodes are chosen as the nodes of the network to be pinned.
In this work we investigate how general guidelines can be stated in efficiently implementing pinning control strategy so that the control over the synchronized state can be accomplished by acting just over a reduced and well chosen set of network nodes, and keeping a low control cost. These guidelines might be dependent on the network topology and also on the degree of the nodes that are chosen to receive the action of the feedback control. These dependencies are also investigate and reported here. Our main findings are the following: 1)increasing the control gain q and/or the set of controlled individual nodes does not always guarantee meaningful improvement on synchronization performance; 2)high degree nodes are good choice for being pinned in order to improve synchronization performance. In addition, we compare these results with results present in previously mentioned works [6, 7] .
METHODS AND RESULTS
In this section numerical simulations are used to determine the following characteristics regarding pinning control in networks: (1) the dependence of convergence rate with control gains q i ; (2) the dependence of the convergence rate with the number of pinned nodes N pin ; (3) the relation between the type of node (high degree, low degree, high cluster coefficient, etc) to be pinned and the synchronization achievement performance.
Consider a controlled network represented by Eq. (1) with 300 identical Chen's oscillators [8] (a variation of Lorenz's system).
In the numerical experiments, three different network types are analyzed: scale-free, small-world and random networks. However, is is just shown here the results for the random topology for the sake of brevity.
Finally, let us define now the pinning control cost by:
in which q i is the control gain associated to node i, σ is the network coupling strength, and N pin is the number of pinned nodes.
Control Gain q i Effect
Firstly the effect of increasing control gain value q i on the synchronization time of the complex network is analyzed. As stop criteria, the synchronized state is considered to be achieved when
In every case the coupling strength is set to σ = 10, value that guarantees network synchronability. The number of pinned nodes is set as N pin = 1, while the control action is applied to the hub of each network. Without loss of generality, since Laplacian matrix can always be rearranged, the hub is set to be node 1.
Figures 1 shows the average synchronization time over 50 simulation realizations for different values of control gain q 1 , for the random network of Chen's oscillators. Observe that the average synchronization time has a meaningful reduction as q 1 is varied from q 1 = 10 to q 1 = 20; However when q 1 is varied from q 1 = 20 to q 1 = 40, and so on, no meaningful reduction of the average synchronization time is verified. Based on the results, it is possible to make the following conjecture: The increase in q 1 significantly reduces the synchronization time up to a limit. Beyond this limit, increasing the value of q 1 may not significantly increase synchronization performance.
Notice that this observed behavior is in accordance with results obtained in [7] in which it is shown that lim qi→∞ λ min (M ) = c, where c is a constant for a given bounded number of pinned nodes N pin , in other words, λ min converges to a constant value no matters the higher q 1 value is. Furthermore the synchronization time is inversely related to σ. It means that there might exist a non-trivial relationship between an optimum value q i = q * i and the value of σ.
Pinned Nodes N pin Effect
Reference [7] shows that for the limit case in which N pin → N , where N is the number of nodes of the network, the value of lim q i →∞ N pin →N λ min (M ) = c increases. It means that the pinning synchronization performance increases. In practice however, one is able to pin just a bounded number of nodes. In this section the effect of increasing the number of pinned nodes on the synchronization time is analyzed. In all the simulations, the parameters are σ = 10, q 1 = 10. The stop criteria is the same one previously defined in section 2.1. The pinned nodes used are the higher degree nodes in each network.
Figures 2 shows the average synchronization time, over 50 simulation realizations, for different numbers of pinned nodes N pin for random network. Verify that the average synchronization time decreases when N pin is varied from N pin = 1 to N pin = 5. Now, when varying N pin from N pin = 5 to N pin = 10 and so on, no meaningful reduction in average synchronization time occurs. It suggest that there is a critical value for the number of pinned nodes N * pin that minimizes both synchronization time and pinning cost, i.e., the N pin value such that lim q i →∞ 
Type of Node Effect
In reference [7] it is shown that for a scale-free network the pinning synchronization time decreases whenever the nodes to be pinned are changed toward low degree nodes. However this result was stated for the limit case in which N pin → N and q i → ∞. In this section this effect is investigated for bounded values of N pin and q i considering random, small-world and scale-free networks.
The synchronization performance is evaluated based on the average synchronization time of the network for 4 different types of nodes: (1) Hub (Legend: HUB); (2) The highest degree node connected to the hub (Legend: HUB NHD); (3) A node with l < l av , i.e., a node for which the shortest path length is lower than the average shortest path length [2] of the network (Legend: SPL<ASPL); (4) The highest degree node among the nodes with higher clustering coefficient [2] (Legend: HCC). The stop criteria is the same one defined in section 2.1.
The result can be seen in Figure 3 , 4, and 5 corresponding to random, small-world, and scale-free networks respectively. Parameters q 1 and σ values are q 1 = σ = 10, and there is only one pinned node. For random and scale-free networks, the shortest average synchronization time is obtained by pinning the highest degree node among the nodes with the higher clustering coefficient. For random network, the degree of the node with highest clustering coefficient is close to the hub degree. For the scale-free network, though, the highest clustering coefficient node coincides with the network hub.
For the small-world network, the shortest average synchronization time is obtained by pinning the highest degree node connected to the hub, and in second place, by pinning the hub itself.
As so, this investigation suggests that higher degree nodes are good choice for being pinned because the number of connections among these nodes and the other nodes is higher than if other types of nodes were considered. Nevertheless, reference [6] shows that for regular networks of few nodes better synchronization performance with low pinning cost can be obtained by pinning a high number of nodes adjacent to the hub. In the next section we investigate the pinning synchronization performance when nodes adjacent to the hub are pinned. 
Pinning Hub Neighbors
In this section it is investigated the pinning synchronization performance in the case that lower degree nodes adjacent to the hub (Legend: LDN HN) are pinned. It is also investigated the pinning synchronization performance when lower degree nodes of the network are pinned (Legend: LDN).
Firstly it is pinned one node adjacent to the hub and subsequently the number of the pinned nodes N pin is increased. This is done by keeping constant the pinning control cost C (see Eq. (3)) so that q i = q/N pin , i = 1, ..., N pin (for a fixed value of q). The coupling strength is set to σ = 10, and control gain to q = 10. Comparing the results presented in this section with those from the previous one, the conclusion is that in the case of scale-free networks it is better to apply the pinning control to higher degree nodes instead of pinning lower degree nodes adjacent to them. In the case of random and small-world networks, and considering we are keeping a constant pinning control cost, our results indicate that pinning lower degree nodes adjacent to the hub (or even pinning lower degree nodes of the network) could lead to a better performance than pinning the network hub. One might expect, though, that even keeping a constant control cost, when N pin >> 1, nodes adjacent to higher degree nodes would be a good choice to be pinned. 
CONCLUSION
In this work it was investigated the effect of the network coupling strength σ, the control gain q i , the number of pinned nodes N pin , and the type of the pinned node on the performance of pinning synchronization control.
The results indicates that increasing the control gain q i and/or the number of pinned nodes N pin does not guarantee a meaningful reduction on the synchronization time. Results allow one to conjecture that it may exist optimum set of values q i and N pin that guarantees synchronization optimum performance with minimum pinning control cost. Moreover, we also assess that this set of values q i and N pin is related to the coupling strength σ and the network topology. The relation between node type and pinning synchronization performance is also investigated. It was observed that in most cases high degree nodes are a good choice for being pinned. However when N pin ≫ 1, nodes adjacent to the highest degree node are also a good choice to being pinned independently of the network topology. 
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